The generalized Fibonacci cube Q d (f ) is the subgraph of the d-cube Q d induced on the set of all strings of length d that do not contain f as a substring. It is proved that if
Introduction
An element of {0, Fibonacci cubes were introduced by Hsu [2] as a model for interconnection networks. Like the hypercube graphs, Fibonacci cubes have several properties which make them ideal as a network topology, yet their size grows significantly slower than that of the hypercubes. Fibonacci cubes have been extensively investigated; see, for example, the recent survey by Klavžar [6] and even more recent papers of Klavžar and Mollard [7] and Vesel [14] . In the first of these papers, different asymptotic properties of Fibonacci cubes are established, while in the latter a linear recognition algorithm is designed for recognizing Fibonacci cubes, improving the previous best recognition algorithm of Taranenko and Vesel [12] .
Later, Ilić, Klavžar, and Rho [3] introduced the idea of generalized Fibonacci cubes (as defined above). Under the same name, the graphs Q d (1 s ) were studied by Liu, Hsu, and Chung [9] and Zagaglia Salvi [13] . The analysis of the properties of generalized Fibonacci cubes led to the study of several problems related to the combinatorics of words. To study their isometric embeddability into hypercubes, good and bad words were introduced by Klavžar and Shpectorov [8] , where it was proved that about eight percent of all words are good. Isometric embeddability and hamiltonicity of generalized Fibonacci cubes motivated the ideas of the index and parity of a binary word, as defined by Ilić, Klavžar, and Rho [4, 5] .
In this paper we consider the following fundamental question about the generalized Fibonacci cubes: for which binary strings f and f ′ and positive integers d are the generalized Fibonacci cubes
Hence we say that a pair of binary strings f, f ′ is trivial if f ′ can be obtained from f by binary complementation, reversal, or composition of these mappings. We are therefore only interested in the behavior of the other pairs, which we call the non-trivial pairs.
We proceed as follows. In the next section, we prove that if
We also prove that there exist non-trivial pairs of strings f, f
, where |f | ≥ 
The Length of Forbidden Words
In this section we first prove that if
Then we pose the question whether there is some relation between |f | (= |f ′ |) and d provided that
To this end we prove that there exist non-trivial pairs f, f
. We also conjecture that for any non-trivial pair f, f
where c i = 1 if the length k − i suffix of f is equal to the length
, and c i = 0 otherwise; see Flajolet and Sedgewick [10, p. 60] . Note that the autocorrelation polynomial of f ∈ {0, 1} k is of degree at most k − 1 and has degree k − 1 if and only if the last bit of f is equal to the first bit of f . Observe also that
We note in passing that more generally,
and that p f (z) = 1 if and only if every non-trivial suffix of f is different from the prefix of f of the same length. Such words were named prime in [5] .
The following theorem establishes that only strings which have the same length can generate isomorphic generalized Fibonacci cubes.
, from which the theorem follows.
The key idea of the proof is to apply a result of Guibas and Odlyzko [1, p. 204] stating that if g and g ′ are binary strings such that
It follows that if f is a binary string of length k ≤ d, then
In addition, since 0 k is a strict substring of 0 k 1 we infer that
Combining (2) and (3) we conclude that
where the last inequality is due to the assumption that |f ′ | > k.
are of the same length. We next ask what is the relation of this length with the dimension of the corresponding generalized Fibonacci cubes. The following result could be the extremal case.
Proof. Let k ≥ 2 be a fixed integer and set f = 0
Then, by definition,
Let w = w 1 . . . w 3k−1 be an arbitrary vertex whose underlying string is in X i . It then follows that w k+1 . . .
With a parallel argument we infer that also
Consider now the mapping α :
In particular, α fixes the first k and the last k − 1 coordinates. Since transposition of coordinates, complementation of a coordinate, and any composition of such mappings are all automorphisms of a hypercube, α is an automorphism of Q 3k−1 . Consider now G and G ′ as subgraphs of Q 3k−1 and the
Suppose on the contrary that for some u ∈ V (G) we have α|
It is straightforward to see that α|
Since this is not a vertex of V (G) we have a contradiction.
We have thus proved the result for d = 3k − 1. Note that all of the above arguments also work for 2k + 1 ≤ d ≤ 3k − 2 and when d ≤ 2k, the assertion is trivial.
Motivated by the last theorem we pose:
We have verified these conjectures for small strings using the Sage package [11] . More precisely, we tested both conjectures for all d ≤ 12 and all non-trivial pairs f, f ′ . See Appendix A for the corresponding procedures.
The Number of Blocks in Forbidden Words
In this section we characterize the binary strings f, f ′ of length d − 1 for which
. It turns out that they are precisely the strings with the same block structure.
Let ν(f ) denote one less than the number of blocks of f = f 1 f 2 . . . f |f | . For example ν(0110) = 2. When a bit is different from the previous bit we call its index an index of bit change and denote it by i j . Therefore
Theorem 3.1. Let d ≥ 2 and let f , f ′ be binary strings of length
d − 1. Then ν(f ) = ν(f ′ ) if and only if Q d (f ) ∼ = Q d (f ′ ). Proof. Set A = V (Q d ) \ V (Q d (f )). Then A = {f 1 f, f 1 f, f f |f | , f f |f | }. Similarly set A ′ = V (Q d ) \ V (Q d (f ′ )) = {f ′ 1 f ′ , f ′ 1 f ′ , f ′ f ′ |f | , f ′ f ′ |f ′ | }. Let 2 ≤ i 1 < · · · < i ν(f ) ≤ d − 1
be the indices of bit change of f and let 2
Assume first that ν(f ) = ν(f ′ ). We may without loss of generality assume that
As transposition of coordinates, complementation of a coordinate, and compositions of such mappings are automorphisms of a hypercube, ψ is an automorphism of Q d . Also ψ sends the vertices of A to A ′ . Thus ψ is an isomorphism from
To prove the converse assume that
We may without loss of generality assume that
Assume ν(f ) = 0. Then f 1 f = f f |f | and hence |A| = 3, while
Assume ν(f ) = 1. Then note that the vertices from A induce a path on four vertices and hence
For the rest of the proof we can thus assume that ν(f ) ≥ 2. The subgraph of Q d induced on A consists of two edges
, respectively. Consider the shortest b, c-path constructed by changing from left to right the bits in which b and c differ:
where addition is taken modulo 2.
Denote the j-th internal vertex f 1 f + e i1 + · · · + e ij of this path by
Assume k ≥ 2. Then the vertices x 1 and
We distinguish three cases. 
Case 2b: (k = 4) It is known that for two given vertices at distance three, there are exactly three internally vertexdisjoint shortest paths in Q d , and therefore there are such paths between x 1 and x 4 . Let R = x 1 uvx 4 be any one of them which is different from x 1 x 2 x 3 x 4 . Considering the distances of u, v from x 1 , x k , we obtain that u, v ∈ Q d (f ) and hence R is a path in
. By the assumption that k = 4, there is also an x 
Hence, under this assumption ℓ = k.
Alternatively, assume that x ′ 1 is adjacent to a ′ while x ′ k is adjacent to c ′ . Then,
a contradiction. The other cases similarly lead to contradictions.
. For instance, it can be checked that Q 6 (0110) ∼ = Q 6 (0100) despite the fact that ν(0110) = ν(0100). On the other hand we pose the following conjecture.
Conjecture 3.2. Let f, f
′ be a non-trivial pair such that
This conjecture has also been verified for all dimensions up to 11 (and all non-trivial pairs f, f ′ ); see Appendix A for the Sage code.
